ABSTRACT. The purpose of this paper is to establlsh some new properties of set valued measurable functions and of their sets of Integrable selectors and to use them to study convex integral functlonals defined on Lebesgue-Bochner spaces. In this process
INTRODUCTION.
In the last decade the study of measurable set valued functions has been developed extensively, both in the theoretlcal direction and the direction of applications. Many mathematicians have contributed significant results in this area, which combines challenging theoretical problems with important applications in a variety of fields, like optimization theory, optimal control, statistics and mathematical economics.
In all those areas the systematic use of multtfuncttons has allowed people to make significant progress and solve many problems.
With a series of recent papers [18] / [25] the author has started an effort to extend the general theory of Banach space valued multifunctions and the closely related theory of multimeasures. The present paper continues this effort and provides some applications of the theoretical results obtained.
Briefly this paper is organized as follows. In the next section we establish our notation and for the convenience of the reader we recall some basic definitions and facts from the general theory of mmltlfunctions and the theory of measurable integrands.
In section 3 we have gathered some results, in which starting from properties of the set of integrable selectors of a mmltifunction we extract information about its pointwise properties, the structure of its conditional expectation and the properties of the underlying Banach space. Some other related observations of functional analytic nature are also included.
In section 4, we proceed to a detailed study of the properties of the set of integrable selectors of a multifunction and we present an application to control theory ("bang-bang" type results). Finally in section 5, we use the results obtained earlier in order to study convex integral functionals that appear often in problems of optimization, optimal control and mathematical economics. With this combination of theoretical and applied results, we want to emphasize the importance and the versatility of the theory of multifunctions and attract the interest of mathematicians from different areas.
PRELIMINARIES.
Let (, Z) be a measurable space and X a separable Banach space. Throughout this work we will be using the following notations:
Pf(c)
A C X: nonempty, closed, (convex)}
P(w)k(c)(X)
A C X: nonempty, (w-) compact, (convex)} Also we will be using the following additional three pieces of notation. Let
Ae2X'{}. By In applications the most widely used selection theorem, is the following one which was first proved by Aumann [I] for Polish spaces and was later extended to Souslin spaces by Saint-Beuve [30] . By Z we will denote the universal a-field corresponding to Z. [6] . So gl X and then from a result of Lotz (see Diestel-Uhl [7] , p.95) we deduce that X has the RNP. Since Another such result can be found in [25] . But first we will need a property of decomposable subsets of , which was proved by the author in [26] (Proposition 5.1 see also Diestel-Uhl [7] , Theorem So indeed our result is a w-compactness result for the set of integrable selectors of a mmltlfunctlon.
PROPERTIES OF THE SET OF INTEGRABLE SELECTORS.
This section is devoted to a detailed study of the properties of the set of integrable selectors of measurable (or graph measurable) multlfunctlons.
Those results are then applied to the analysis of a family of infinite dimensional llnear control systema with time dependent control constraints. "The material of this section will also be used in the next section, in the study of convex integral functlonals.
We will start with an auxilliary result that we will need in what follows and which also generallzes Theorem 1.5 of Hlai-Umegakl [9] . 
On the other hand since f( .)eSlc--onvF we have f()econ--'-F()B-a.e.
Q.E.D. then for all tcR+, Re(t) RCt)ePkc(X).
CONVEX INTEGRAL FUNCTIONALS ON LEBESGUE-BOCHNER SPACES.
In this section we use the theoretical results obtained previously, to conduct a study of convex integral functlonals which are defined on Lebesgue-Bochner spaces. So assume that (,r.,) is a complete, o-finite, measure space and X a separable Banach space. We will need the decomposition theorem for [Lx] This result was first proved by oslda-Hewitt [32] for X=R (see also Rockafellar [27] [3] . In this paper X was assumed to be separable, reflexive.
Next we look at some special type of subgradlents namely extremal subgradlents.
This spaces are as above. [15] or Rockafellar [28] Observe that domf*(,.)
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